The fast contraction, or pinching, of optical vortices in both thermal and Kerr self-defocusing media is investigated by numerical techniques. For the thermal case, heat diffusion across the vortex core is described, and the heretofore unexplained stability of optical-vortex solitons in thermal media is explained.
INTRODUCTION
Optical vortices appear as doughnut modes of a cylindrical waveguide, 1, 2 as Laguerre-Gaussian modes of a laser cavity, [3] [4] [5] and as spontaneous features in large-aperture lasers. 6, 7 They may be produced by computer-generated holograms, [8] [9] [10] mode converters, 11 or scattering objects. 12 In a self-defocusing medium, vortices may propagate as optical-vortex solitons 13 (OVS's), owing to a balance between diffraction and nonlinear refraction. 14 The size of the OVS, w ovs , decreases as the nonlinear refractiveindex difference between the dark vortex core and the bright background, ͉⌬n͉, increases. Experimentally we found earlier that if the initial vortex size, w v,0 , is larger than the soliton size, the vortex core may abruptly contract, and a high-intensity shock wave could radiate symmetrically from the vortex core. 15 This pinching of the vortex core may be an advantageous feature for applications of nonlinear guided-wave phenomena, such as optical modulators or transistors, where the vortex beam induces a dynamic waveguide for a signal-carrying beam. Like a field-effect transistor, the strength of the guided signal will vary with the degree of pinching. Here we give the first detailed report, to our knowledge, of the characteristics of the collapsing vortex in both Kerr and nonlocal fluence-dependent nonlinear mechanisms. This comparison is necessary because nonlinear refractive media are not strictly Kerr-like, but rather exhibit some degree of nonlocality (or diffusion), such as heat-absorbing liquids, [16] [17] [18] [19] alkali vapors, [20] [21] [22] [23] or electrically biased photorefractive crystals. 24 We examine a thermal liquid having the same thermo-optical properties as those in our earlier experiments with methanol. 15 The shock front surrounding the OVS, which may be sustained over many characteristic nonlinear lengths, is also of physical interest; however, it is not the main subject of this study.
An optical vortex is characterized by a harmonic transverse phase profile around its center and an intensity profile that vanishes at the center. The initial electric field E of a vortex placed in the center of a planar Gaussian beam of size w g and peak intensity I 0 ϭ E 0 2 may be written as
where w v,0 is the characteristic vortex size and (, ) are circular coordinates in the beam cross section. Here we model the nonlinear propagation of a vortex beam, of wavelength ϭ 0.514 m and sizes w g ϭ 5.0 mm and w v,0 ϭ 0.4 mm, through a medium of length L ϭ 200 mm. The material is thin, since the length is less than the characteristic longitudinal diffraction length of both the vortex core (kw v,0 2 /2 Ӎ 1 m) and the Rayleigh range (kw g 2 /2 Ӎ 350 m) for the Gaussian beam, where k ϭ 2n 0 / is a wave number in the medium. We note, however, that the characteristic nonlinear length scale, 1/k⌬n, may be less than the cell length in some cases.
The vortex propagation dynamics of this initial beam is found by solving the nonlinear Schrödinger equation:
where ٌ Ќ 2 ϭ ‫ץ‬ 2 /‫ץ‬x 2 ϩ ‫ץ‬ 2 /‫ץ‬y 2 and where ⌬n varies with intensity or fluence and couples to the heat equation in a thermal medium. For a given initial vortex size the propagation dynamics of the beam depends on the background intensity or fluence and may result in diffraction of the core, contraction of the core, or soliton propagation.
Case 1. Kerr Material
In Kerr media, ⌬n ϭ n 2 ͉E͉ 2 , where n 2 Ͻ 0 is the nonlinear defocusing coefficient of the refractive index and ͉E͉ 2 is the local intensity of the beam. When the initial vortex-core size matches the soliton size, w v,0 ϭ w ovs , where
the vortex soliton core sheds little radiation as it propagates throughout the medium, assuming w v,0 Ӷ w g in Eq.
(1). This is equivalent to the condition that the background intensity in Eq. (1) equals the soliton intensity, 13 I 0 ϭ I sol , where I sol ϭ (1.27/w v,0 k) 2 n 0 /͉n 2 ͉. The power of a Gaussian beam with a small vortex 10 (w v,0 Ӷ w g ) is roughly P ϭ I 0 w g 2 /2, and thus the power required for soliton propagation is P cr Ӎ (0.806n 0 /͉n 2 ͉k 2 )(w g /w v,0 ) 2 . It is well known that a 1ϩ 1-dimensional beam having an arbitrary size may be decomposed into soliton and radiation components. 25, 26 Similarly, we find that when the initial vortex core is larger than the soliton size, w v,0 Ͼ w ovs , or, equivalently, when P Ͼ P cr (or I 0 Ͼ I sol ), the propagating vortex contracts in size and radiates a bright diffraction ring. Light is refracted toward the core, and thus much of this radiation initially implodes.
The intensity profiles near the vortex core at different propagation distances are presented in Fig. 1 for the case P/P cr ϭ 140 (⌬n ϭ 7 ϫ 10 Ϫ6 ). We find the initially large vortex core [see Fig. 1(a) ] collapses by a factor of 12 after propagating a distance z ϭ 152 mm, as shown in Fig. 1(b) . Further propagation results in a high-intensity ring around the vortex, as shown in Fig. 1(c) for z ϭ 200 mm. Note that intensity of the imploded wave in Fig. 1(c) is higher than the background intensity I bg (c) . The persistence of this ring over long distances suggests that it represents a nonlinear guided mode at the perimeter of the high-index vortex core.
Our main concern in this paper is the contracting core size in the propagating beam. Assuming a core profile that varies as tanh(/w v ), we measure the background intensity I bg outside the bright ring (see Fig. 1 ) and determine the radius of the core, w v , at the value I ϭ I bg tanh 2 (1). The core size as a function of propagation distance is plotted in Fig. 2 for the same conditions used in Fig. 1 . The propagation dynamics has three distinct phases: first a slow contraction of the vortex core, then a rapid collapse near z ϭ Z c , and finally a relaxation for z ӷ Z c . A numerically determined value of the characteristic collapse distance, Z c , is found where the slope dw v /dz has an extremum, as shown in Fig. 2 . An analytical estimation of this pinching distance, Z pinch , may be determined by comparing the fundamental nonlinear scaling distances 27 with the distances in our problem; e.g., we set X NL /Z NL ϭ w v,0 /Z pinch , where
is the characteristic refractive-index change at the input. Thus we find
which agrees remarkably well with the numerically determined value of Z c (Z c ϭ 144 mm and Z pinch ϭ 150 mm). Indeed, many simulations with different initial core sizes and intensities verify that Z c Ӎ Z pinch . In Fig. 3 we compare the numerically determined collapse distances Z c (marked by symbols) with Eq. (4) (thick lines) for different values of ⌬n 0 and three different cases of an initially large vortex size. The agreement is good in all three cases. After pinching, the vortex may surprisingly contract below the soliton size for prolonged propagation distances. For example, in Fig. 2 the core reaches 68% of the soliton size [Eq. (3)] at z Ӎ 1.8Z pinch and relaxes to w ovs at z/Z pinch ϭ 5.5. Over this subsoliton contraction range we found that the bright shock ring described in Fig. 1 develops into a flat plateau (or shock region) that shrouds the OVS. This ring enhances the local intensity of the soliton and accounts for the contracted core size over a range that exceeds the characteristic nonlinear length, Z NL ϭ 12 mm, by a factor of 60.
Case 2. Thin Thermal Medium
Dark soliton phenomena may be readily investigated in thermal and other nonlinear media; however, the nonlocal effects of diffusion should be considered. In absorbing media such as slightly absorbing methanol, an optical vortex acts as an annular heat source and induces an inhomogeneous temperature distribution, T, that scales with the nonlinear index profile:
where ‫ץ‬n/‫ץ‬T is a material parameter 28 and T(x, y, z, t) is the temperature increase above the ambient value. We assume that the electronic nonlinearity and other mechanisms such as buoyancy, convection, and sound are negligible. Most liquids are self-defocusing with ‫ץ‬n/‫ץ‬T Ͻ 0. The refractive index (or equivalently, the temperature) may be obtained by solving the heat equation:
where D ϭ /c p is a temperature-diffusion coefficient, is the heat-diffusion coefficient, ͉E͉ 2 is the optical intensity, ␣ is the optical-absorption coefficient, c p is heat capacity, and is the density of the liquid. Compared with the transverse diffusion of heat, longitudinal diffusion is negligible, and thus we ignore ‫ץ‬ 2 /‫ץ‬z 2 in Eq. (6) . In this subsection we assume a thin medium with a thickness L Ӷ Z c ,Z NL , and we address a thick medium 29 below. The light-induced temperature profile for a thin absorbing medium is shown in Fig. 4 , assuming an annular heat source from an optical vortex and the parameters shown in Table 1 . Owing to the dark core of the illuminating beam, the temperature distribution is cooler in the center of the beam than in the high-intensity regions, and therefore the refractive index is higher in the vortex core than it is along the bright rim. Consequently the vortex induces an effective cylindrical waveguiding structure, where the index difference between the core and the cladding is given by ⌬n g ϭ (‫ץ‬n/‫ץ‬T)(T c Ϫ T b ) ϭ Ϫ(‫ץ‬n/ ‫ץ‬T)␦T Ͼ 0, where T c (T b ) is the temperature at the center of the core (along the rim) of the vortex, and ␦T ϭ T b Ϫ T c , as demarked in Fig. 4 .
The characteristic time for heat diffusion across the core is given by t v ϭ w v,0 2 /8D ϭ 0.2 s. Thus for t Ӷ t v the temperature (see dashed curve in Fig. 4 ) is indistinguishable from the intensity profile, and thus the nonlinear optical effects of thermal and Kerr mechanisms are indistinguishable, as expected. 16 In contrast, the effects of diffusion are clearly evident in the core region for t ӷ t v , as shown in Fig. 4 . In both time regimes an inverted temperature profile exists in the core, which is favorable for an OVS.
The temperature inversion ␦T grows with time as long as the rate of background heating by absorption is larger than the rate of core heating by diffusion. The time evolution of ␦T(t) is shown in Fig. 5 for two different values of w v,0 (0.4 mm and 0.2 mm). When the rates of core and background heating are equal, ␦T reaches its maximum value; numerically we find that this occurs at a characteristic time
assuming w v,0 Ӷ w g . Thus the characteristic time for the buildup of the waveguide (⌬n g ) is roughly t opt Ӎ (w g /w v,0 )t v . For t Ӷ t opt the initial rate of growth of ⌬n g is found by neglecting heat diffusion in Eq. (6):
Numerical modeling shows that the maximum value of ⌬n g is proportional to t opt : ⌬n g,max Ӎ (0.8)(‫ץ‬n/‫ץ‬T)(␣I 0 /c p )t opt . For the case w v ϭ 0.4 mm in Fig. 5 , t opt ϭ 3.2 s, ␦T ϭ 19.5 mK, ⌬n g ϭ 7.6 ϫ 10 Ϫ6 , and the corresponding soliton size w ovs ϭ 33 m.
At the other extreme where t ӷ t opt , heat diffusion dominates the dynamics of ␦T(t). Diffusion is responsible for a logarithmically slow growth of the background temperature:
is the characteristic time of the heat conduction across the entire beam. 16 It also accounts for the slow heating of the vortex core and the gradual decrease of ⌬n g , owing to the diffusion of heat from the bright rim of the vortex.
The required index change, ⌬n g ϭ 5.1 ϫ 10 Ϫ8 , for a vortex soliton of size w sol ϭ w v,0 ϭ 0.4 mm can be sustained for a long time (320 s or more than 100t opt in our system). Over such long time periods, convective flows develop within the thermal liquid, bringing cooler liquid into the beam. To account for the steady-state value of the OVS core size in experiments, 15 we believe that the slow heating of the core is offset by the convected cooler liquid.
Case 3. Thick Thermal Medium
Let us now consider the propagation of a vortex beam through a thick thermal medium. As in the Kerr case, we assume a nonlinear cell of length L ϭ 200 mm, in addition to the parameters listed in Table 1 . Based on the foregoing thermal analysis in a thin layer, we expect the time variation of the induced waveguide (e.g., the temperature ␦T and refractive-index change ⌬n g ) to be similar to the results shown in Fig. 5 . Consequently the pinching distance is expected to vary with time as Z pinch (t) Ӎ w v,0 /ͱ⌬n 0 (t), where ⌬n 0 (t) is the timevarying refractive-index change at the input face. Thus on short (t Ӷ t opt ) or long (t ӷ t opt ) time scales, the contraction may not be observed owing to small values of ⌬n 0 . The vortex is expected to collapse within the medium when Z pinch (t) Ͻ L.
The vortex size, which is proportional to 1/ͱ⌬n 0 (t) [see Eq. (3)], is also expected to vary with time. The numerically determined contraction of the vortex at the output face of the cell is shown in Fig. 6 over an 8-s exposure time at intensity I 0 ϭ 2.6 W/cm 2 . This example confirms that w v,0 contracts with time, goes through a minimum (at t ϭ 3.1 s), and then slowly expands. The collapse time is in a good agreement with the value expected from Fig. 5 , namely, t opt ϭ 3.2 s.
As in the Kerr case, a bright ring may be expected to develop around the contracting vortex core. Indeed, the ring has been experimentally observed. 15 Our numerical solutions of the coupled heat and nonlinear Schrödinger equations shown in Fig. 7 demonstrate the buildup of a bright ring at the output face of the medium for exposures up to 8 s at an incident intensity I 0 ϭ 2.6 W/cm 2 . Before the ring appears, the vortex uniformly contracts by a factor of 2.2 within 0.40 s [see Figs. 7(a) and 7(b) ]. With further contraction a bright ring develops around the perimeter of the vortex core [see Fig. 7(c) ], reaching the maximum intensity of I/I 0 ϭ 0.58 at t ϭ 2.7 s. Then the Table 1 . The gray curve is drawn to aid the eye. Table 1. vortex-core size reaches a minimum at t ϭ 3.1 s. After this time the core slowly broadens, and the intensity of the ring diminishes owing to thermal diffusion [see Fig.  7(d) ]. At much longer exposure times the ring may vanish, as was experimentally observed. 15 Note that the normalized intensity in Fig. 7 is less than unity owing primarily to absorption.
COMPARISON BETWEEN KERR AND THERMAL NONLINEAR VORTICES
Let us now make a detailed comparison of the vortex contraction between thermal and Kerr media. To be relevant to experiments, we examine how an increase in the beam power affects the core size in these two media. The nonlinear refractive index varies with time in the thermal case, so we must select an appropriate exposure time for this comparison. For t Ӷ t opt the temperature (and refractive index) increases monotonically with intensity, and thus the thermal medium is similar to a Kerr medium having a time-dependent (or fluence-dependent) nonlinear coefficient, n 2 (t). We found that choosing t 0 ϭ 1.5 s Ӎ 0.5t opt is sufficient to demonstrate the difference between thermal and Kerr media. Let us compare a Kerr medium having n 2 ϭ Ϫ2 ϫ 10 Ϫ6 cm 2 /W with a thermal medium (see Table 1 At this intensity the theoretical vortex soliton size [Eq. (3)] is expected to reach w ovs ϭ 40 m in the Kerr material, and generally varies as 1/P 1/2 as shown in Fig. 8  (solid curve) . As expected, our numerical results show that a large initial core (400 m) indeed contracts with increasing power for both media (see gray curves in Fig. 8) . Furthermore, in both cases the core size tends to converge toward the theoretical value at high power (Ͼ1 W). At low powers the vortex did not contract to the size of a soliton because the pinching distance was larger than the cell length (L Ͻ Z pinch for P Ͻ 0.75 W).
For the Kerr medium the power dependence of the output vortex size in Fig. 8 may be interpreted with Fig. 2 . The abscissas of both figures are related: z/Z pinch ϰ P 1/2 , and thus Fig. 2 may be mapped into Fig. 8 . Thus we assert that the power-dependent vortex size shown in Fig. 8 exhibits a gradual contraction as the power increases from zero, followed by pinching at P у 0.75 W and then subsoliton contraction at P ϭ 2 W. The minimum estimated pinching power for a cell of length L ϭ 200 mm may be calculated by setting Z pinch ϭ L in Eq. (4): P pinch ϭ (w v,0 /L) 2 (w g 2 /2͉n 2 ͉) ϭ 0.78 W, which is in good agreement with the numerically determined value of 0.75 W.
Next we describe the thermal results shown in Fig. 8 . Recalling that n 2,eff ϭ Ϫ2.6 ϫ 10 Ϫ6 cm 2 /W has a larger magnitude than the Kerr coefficient does, the vortexcontraction effect is expected to be more pronounced in the thermal medium. Indeed, for power P Ͻ 0.8 W we find that the core size rapidly decreases with power, and unlike the Kerr case, the descent is almost linear, with no sudden collapse. For P Ͼ 0.8 W the contraction exhibits a saturation owing to thermal diffusion across the contracted vortex core. That is, the temperature and index changes across the core saturate. Indeed, Fig. 5 shows that ␦T is reduced by approximately one half when the core size is halved. This saturation effect prevents the core from collapsing rapidly.
In comparison we see regimes where either the Kerr or the thermal media have smaller core sizes. At P Ӎ 1.5 W, both mechanisms converge to roughly the same value as the Kerr soliton size. An estimate of the output vortex size may be found from Eq. (3). Let us estimate the core size at P ϭ 1.2 W and t ϭ 1.5 s. Since the temperature change scales with power as ␦T(P 2 ) ϭ (P 2 /P 1 )␦T(P 1 ), we may use Summarizing the discussion of Fig. 8 , we find that in order to observe a contracted vortex having the size of an OVS at the output, the incident power must exceed
in the Kerr medium. In the thermal medium the nonlinear coefficient n 2 has to be found numerically for a specific vortex size and time. The diffusion of heat across the vortex core saturates the refractive-index change, which therefore limits the contraction of the core.
SUMMARY
The core of an optical vortex may propagate as a soliton or even pinch to a subsoliton size in a self-defocusing medium if the nonlinear refractive-index change across the vortex core is sufficient to overcome spreading owing to diffraction. Although a large index change may be achieved in thermal media, the diffusion of heat introduces spatio-temporal complications. To discern between Kerr and thermal effects we numerically determined the propagation characteristics of an optical vortex. In both media the vortex core contracts and a bright ring is generated around the vortex core when the initial core size is larger than the soliton size. After the contraction, the vortex size increases adiabatically, owing to both the gradual radiation of the bright ring, which exists over many characteristic nonlinear distances, and the blooming of the entire beam. The propagation distance characterizing this contraction phenomenon is defined as the pinching distance, which is inversely related to the square root of the beam power. In the Kerr case the vortex core collapses to the soliton (or subsoliton) size after propagation over the pinching distance. In the thermal medium, nonlinear refraction varies with time, and thus the pinching distance and the output vortex size are time dependent. Solving the heat equation numerically, we find an expression for the optimal time at which the refractive-index change across the vortex core reaches the maximum value.
For a long exposure time, heat diffusion into the core causes a slow increase of the core size. We found, however, that the negative temperature difference between the core and the rim of a vortex exists over a long time interval (a minute and more) so that the vortex is expected to remain contracted over a prolonged period of time. The convection of cool liquid into the heated core can offset this heating, thereby allowing a steady-state core size. . The coupling occurs through the temperature change in the medium, which is stored in a three-dimensional array T ϭ T(x, y, m⌬z) tϭn⌬t , where n is the number of time steps elapsed after turning on the laser, and m is an index corresponding to the spatial increments along the direction of propagation, z. The initial temperature distribution is uniform, T(x, y, m⌬z) tϭ0 ϭ 0. Let us review a single step in time, n⌬t р t Ͻ (n ϩ 1)⌬t. The input electric field E(x, y, 0) is generated according to Eq. (1) and propagated through the self-defocusing medium in the z direction by solving Eq. (2) with the split-step method. 30 The refractiveindex change for the nonlinear portion of step m is calculated as (‫ץ‬n/‫ץ‬T)T(x, y, m⌬z) tϭn⌬t . As the beam propagates in space, the temperature distribution at each transverse plane z ϭ m⌬z is updated for the next time step, (n ϩ 1)⌬t, according to the finite-difference scheme, where ٌ Ќ 2 is Laplacian in the transverse plane (x, y). The transverse Laplacian in both the nonlinear Schrö-dinger equation and the heat equation was calculated with the aid of the fast Fourier transform, which automatically assumes reflecting boundary conditions. The numerical grid was made sufficiently large compared with the beam size to avoid aliasing. High stability of the finite-difference scheme for the heat equation in the Fourier domain allowed for a large value of ⌬t.
